Computations of the primordial black hole (PBH) mass function discussed in the literature have conceptual issues. They stem from that the mass function is a differential quantity and the standard criterion of the PBH formation from the seed primordial fluctuations cannot be directly applied to the computation of the differential quantities. We propose a new criterion of the PBH formation which is an addition of one extra condition to the existing one. By doing this, we derive a formal expression of the PBH mass function without introducing any ambiguous interpretations which exist in the previous studies. Once the underlying primordial fluctuations are specified, the PBH mass function can be in principle determined by the new formula. As a demonstration of our formulation, we compute the PBH mass function analytically for the case where the perturbations are Gaussian and the space is one dimension.
Introduction
There are multiple reasons why studies of primordial black holes (PBHs) hold a unique position in cosmology. Firstly, PBHs provide one of a few probes for extremely small-scale primordial density fluctuations not accessible by measurements of the Cosmic Microwave Background and Large-Scale Structure (e.g. [1] ). Secondly, PBHs (in some mass range) can comprise all dark matter (e.g. [2] ). Thirdly, PBHs may explain all of or some of the binary BHs observed by LIGO/Virgo (e.g. [3] ).
Important observables characterizing PBHs are their abundance and mass function. So far, various observations and experiments have provided limits on the PBH abundance as well as the PBH mass function for a wide range of the PBH masses [4] . Within the context of probing the smallscale primordial fluctuations, given that the PBH abundance and the mass function are determined by the primordial fluctuations, observational limits on PBHs can be then translated into the upper limit on the amplitudes of the primordial density fluctuations. More precisely, non-detections of PBHs over some mass range are translated into the upper limit on the primordial power spectrum over the range of length scales corresponding to the PBH mass range. Once the constraints on the small-scale fluctuations are obtained, they can be used to constrain certain class of inflation models. In order for the flow of this argument to work, it is necessary to know a priori how the PBH abundance and the mass function are determined for a given primordial density fluctuations.
Computations of the PBH abundance and the mass function have been a long-term issue and addressed by many authors in the literature . So far, several methods to compute those quantities have been proposed based on either the Press-Schechter formalism or the peak-theory formalism. Nevertheless, as we will explain in detail in section 2.2, previous methods have issues at the conceptual level. Essential point common to these issues is that the PBH mass function is a differential quantity and criterion of the PBH formation from the seed random fluctuations has not been formulated manifestly in a way directly applicable to the computation of the differential quantities. Motivation of this work is to propose a criterion that is free from those issues and formulate the PBH abundance and the mass function based on the new criterion.
Before closing this section, we emphasize that we do not claim that our formulation is perfect and rigorous. Yet, our formulation is an improvement from the previous studies in the sense that it has no conceptual issue and at least captures a physically reasonable aspect that has not been taken into account in the literature.
Formulation of the PBH mass function
In this section, we provide a new formulation of the PBH mass function.
Variable to describe the PBH formation
Qualitatively, physical mechanism of the PBH formation in the radiation dominated era is very simple, namely, the Jeans instability. In other words, a PBH is formed when the self-gravity of an overdense region defeats the radiation pressure [28] . Yet, quantitative formulation of the criterion of the PBH formation, because of its nonlinear nature, is a non-trivial issue and has been a topic of long-standing research. A simple Newtonian analysis shows that the PBH is formed if the density contrast of the overdense region evaluated at the time of the horizon reentry satisfies δ > δ th = w, where w = 1 3 is the equation of state parameter of radiation [5] . A refined analysis gives δ th = sin 2 [π √ w/(1 + 3w)] [29] . These formulae are derived under the assumption that a spherically symmetric overdensity is superposed on top of the unperturbed Friedmann-Lemaître-Robertson-Walker (FLRW) universe and has a uniform overdensity represented by δ. In reality, the density profile is not constant in general and numerical simulations is the only way to determine the threshold, where it has been shown that the threshold value depends on the density profile [30] [31] [32] [33] [34] (see also [35, 36] ). Furthermore, the primordial fluctuations are random field and those in real space consist of modes covering a wide range of wavelength if the power spectrum is broad while most simulations deal with isolated overdensity. However, this does not mean that all the fluctuation modes are relevant to the PBH formation. Since the PBH is formed at the scale of the Hubble horizon, fluctuations which are super-Hubble at the time of the PBH formation are absorbed into redefinition of the background quantities and should not affect the dynamics of the PBH formation. Similarly, sub-Hubble fluctuations have already diminished when the largerscale fluctuations reenter the Hubble horizon and hence they should be also irrelevant. The local quantities such as the density contrast on the comoving slice are free from the super-Hubble modes and are a natural variable to satisfy the former condition [13] . Another local quantity useful to characterize the PBH formation is the compaction function C(r) [19, 31, 34] . This quantity is defined in terms of the mass excess of the overdense region. Approximating the overdense region to be a part of the closed FLRW universe, the compaction function is roughly given by (L/r curv ) 2 on super-Hubble scales where L is the proper size of the overdense region and r curv is the curvature radius determined by the 3-d curvature. Since both L and r curv grow in proportional to the scale factor, the compaction function is conserved on super-Hubble scales. To be definite, we use the density contrast on the comoving slice as the proper local quantity although the our formulation can be applied to any other quantities such as the compaction function as long as it is as good as the density contrast. The latter condition about the sub-Hubble modes is effectively solved by employing a window function (e.g. [25] ). Thus, throughout this paper, we use the density contrast on the comoving slice smoothed by the window function to compute the mass function.
Before closing this subsection, it may be useful to have a qualitative understanding of the smoothed density contrast. At the linear order, the density contrast on the comoving slice is written by the curvature perturbation R as
Here we use θ instead of δ to avoid unnecessary confusion with the Dirac's delta function which appears later. Then, the smoothed density contrast corresponding to the horizon crossing R = 1/(aH) is given by
where R is the smoothing scale in the comoving unit and W is the window function. The power spectrum of the smoothed θ is given by
whereW is the Fourier transform of W . Due to the factor (Rk) 4 , the power spectrum is suppressed on the super-Hubble scales Rk 1. Due to the window function, it is also suppressed on the sub-Hubble scales Rk 1. Thus, the smoothed density contrast is dominated by modes varying at the scales R 1 . At the non-linear level, higher-order terms in R appear on the right-hand side of Eq. (1), but the qualitative features mentioned above still hold 2 .
About the previous studies
Having defined the variable to describe the PBH formation, let us proceed to the discussion of the PBH mass function. In order to be definite, we define the PBH mass function f (M ) such that f (M )d ln M is the probability that a randomly chosen PBH has mass in (M,
Thus, f (M ) represents relative fraction of PBHs in the logarithmic mass bin. Before explaining our idea of formulating the mass function, let us briefly review the formalisms used in the literature and their drawbacks.
In the literature, two approaches have been used to calculate the PBH mass function. The first approach is the Press-Schechter formalism. In this formalism, we introduce the fraction β defined as 3
where P (θ R ) is a probability density function of θ R and θ R is a shorthand notation of the smoothed density contrast θ(R; x) (R is the smoothing scale), and interpret it as a fraction of PBHs whose mass is larger than the one corresponding to R [6, 8, 11, 13] . Then the mass function is obtained by taking differential of β with respect to M (corresponding to the smoothing scale R) [6] . Although this prescription works well for the formation of the large scale structure, its use is not justified for the PBH formation since PBHs at different masses form at different horizon-crossing times. In Refs. [12, [20] [21] [22] [23] [24] , the fraction β itself was identified with the mass function (apart from a trivial evolution factor during the radiation dominated era and the dark energy era). However, validity of that identification, especially when the power spectrum is broad and PBHs are expected to form over a wide mass range, is also not clear since β is not defined as the quantity representing a differential fraction. The root of this confusion lies at the lack of the criterion of the PBH formation which automatically enables us to derive the mass function given by Eq. (4) without additional interpretation. The second approach is the peak theory in which PBHs are supposed to form out of high-σ peaks of the primordial perturbations. This approach has been used in Refs. [8, 13, 18, 19, 27] . In Ref. [8] , it was assumed that peaks of the perturbations smoothed at the scale R that collapsed upon horizon reentry represents PBHs heavier than the ones corresponding to R. Again, there is no clear justification for this prescription. In Ref. [18] , the PBH mass function is derived by relating the size and height of peaks with the PBH mass and translating the size and height distribution of peaks to the distribution of the PBH mass. Yet, elimination of the sub-Hubble modes are not performed in their analysis and hence their method cannot be directly applied to the broad power spectrum (see e.g. [23, 25] ). To summarize, to the best of our knowledge, there is no formulation of the PBH mass function in the literature which are free from the conceptual issues mentioned above and automatically provides the differential mass function.
A criterion of the PBH formation
We have discussed limitations of the previous formulations to compute the PBH mass function.
Here we present a novel criterion of the PBH formation which is an addition of one extra condition to the existing criterion. We start from explaining a basic picture behind our idea. It is often stated that the density fluctuations smoothed over the Hubble horizon collapse to PBHs if their amplitudes are greater than a threshold [5] . It is this point that we want to address here. Consider an overdense region with the comoving size R * which collapses to a BH soon after the horizon reentry. As we discussed previously, this happens if the amplitude of θ R * is greater than the threshold. By continuity, θ R of the same region with slightly different value R = R * + dR would still exceed the threshold. When R deviates from R * by O(1), θ R will no longer be larger than the threshold. Although the range of R for which θ R is greater than the threshold is not infinitesimally narrow, outcome of the horizon reentry of the overdense region is a formation of only a single PBH. In other words, a PBH is formed at the scale R * when θ R is greater than the threshold in the small interval (R − , R + ) where R − < R * < R + . Based on this observation, it is physically reasonable to assume that a PBH is formed at site where not only spatial gradient of θ R but also θ R,R := ∂ θ R /∂R vanish. In order to translate this picture into equation, we identify R * with R at which θ R,R = 0.
To summarize, we adopt the following conditions as a criterion of the PBH formation. A PBH is formed at point x satisfying the following conditions
Here a, b are indices for the spatial coordinates as well as R that run from 1 to 4 and λ a (θ R,ij ) are the eigenvalues of the 4 × 4 matrix θ R,ab . The second condition ensures that the peak is locally maximum. The mass of the PBH is given by M = m(R * , θ(R * )), where R * is a value of R at which the above conditions are satisfied. We include the dependence of the PBH mass m on θ to account for the critical collapse.
PBH mass function
Having defined the criterion of the PBH formation by Eq. (6), we can now formulate the PBH mass function. In order to clarify the technical points, let us start with a very simple model in which the space dimension is one, perturbations are nearly monochromatic (at R * ), and the effect of the critical phenomena is ignored (m = m(R * )). In this case, we may ignore the R-dependence, and in stead of Eq. (6), we can assume that a PBH is formed at a point satisfying
Let us consider a configuration θ R (x) shown in Fig. 1 . In this case, in an interval a ≤ x ≤ b, a PBH is formed at x = x 0 where θ R,x = 0. Using the Dirac's delta-function and the Heaviside function Θ, the number of PBHs (in the present example, it is one) is expressed as
Here |θ R,xx | needs to be inserted to compensate the factor coming from the argument of the deltafunction. Thus, for the present configuration, the PBH number density is given by In reality, θ is a random variable and the PBH number density must be given by the ensemble average of the above quantity. Hence, the comoving number density of PBH is given by 
In this case, the PBH mass function defined by Eq. (4) is given by
where m * ≡ m(R * ). As a second simple example, let us recover the R-dependence and assume that a PBH is formed at a point satisfying
In the same way as the above example, the number density of PBH is given by
where J defined by
accounts for the Jacobian needed to compensate the factor coming from the argument of the deltafunctions for θ R,x and θ R,R . Thus, the PBH mass function is written as
After these examples, it is immediate to generalize the mass function (16) to that in the three dimensional space. What we need to do is simply to substitute J given by
Thus, the PBH mass function is formally given by 
Thirdly, Eq. (18) can be applied to any type of primordial perturbations. All the information about the statistical properties of θ is encoded in P [θ] and the mass function is given by the functional integration with the probability weight P [θ]. Thus, for a given P [θ], we can in principle compute the mass function by performing the functional integration of Eq. (18) although the feasibility of the practical implementation will depend on concrete form of P [θ]. Finally, we do not claim that Eq. (18) provides perfectly correct PBH mass function for given P [θ]. In deriving the result, we have made several approximations which may invalidate Eq. (18) if ones wants to obtain more precise mass function. First, our formula contains the window function and the mass function will change as we change the window function (see [25] and [38] which discuss about the sensitivity of the result to the choice of the window functions.). Unfortunately, there is no definite principle to choose the best window function. It is not even clear if there exists the universal window function valid for any type of P [θ] and it is possible that the prescription of using the smoothed perturbations has limitation and never gives the exactly correct mass function. Even if we accept the smoothing prescription, the PBH formation is not simply judged by a single universal value θ th as the threshold depends on the perturbation profile. Another issue is that the point where θ R,R = 0 will not be precisely corresponding to the scale of the PBH formation. Despite of these drawbacks, our criterion of the PBH formation (6) and the formula of the mass function (18) go beyond the previous studies in the sense that our criterion captures a basic physical picture of the PBH formation, is well-defined mathematically, and derives the mass function automatically while the previous results have difficulty of deriving the mass function at the conceptual level as explained in 2.2.
Application to the Gaussian perturbations
As a demonstration of the new formalism, we compute the PBH mass function for a simple case where the space dimension is 1, probability weight of θ is Gaussian, and the critical collapse is ignored. With these assumptions, the mass function is given by (see Eq. (19))
In the last expression, it should be understood that R on the right-hand side is determined by a relation M = m(R). In order not to terminate the radiation dominated epoch before the time of the matter-radiation equality, PBHs must be only a tiny fraction of the energy density of the Universe at the time when they are produced. This means the threshold θ th is much larger than the mean amplitude of θ R . In other words, PBHs are formed only out of extremely high-σ fluctuations.
In such a situation, site at which θ R,x = θ R,R = 0 is satisfied would satisfy θ R,xx + θ R,RR < 0 and J = θ R,xx θ R,RR − θ 2 R,xR > 0 with probability close to unity. Then, to a good approximation, the above mass function is written as
Now, the problem has been reduced to evaluation of I(M ).
Since both the step function and the δ-function appearing in I(M ) are not convenient quantities to compute the correlation functions, let us replace them by using the following formulae
The result is given by
The integrand in the above expression is given by correlations of a particular combination of the six Gaussian variables {θ R , θ R,x , θ R,R , θ R,xx , θ R,RR , θ R,xR }. These variables are correlated with each other. For instance, in terms of the power spectrum of θ and the window function W , off-diagonal components of the covariance matrix can be written as
withW R := dW /dR and so on, which do not vanish in general. Since any correlator of Gaussian variables is determined completely in terms of their covariance, I(M ) should also be expressed in terms of the covariance of the six variables. For any Gaussian variables x i with zero mean and covariance x i x j = P ij , we have
Applying this formula to Eq. (23), we obtain
where A, B ij , M ij , v i are given by
Integration over η i yields
where N ij is inverse matrix of M ij . Finally, the integration over α can be expressed in terms of the complementary error function as
where
Conclusion
Formulation and computation of the PBH mass function from the sourcing primordial density perturbations have been addressed in the literature. As we have discussed in depth in Sec. 2, the formulated PBH mass function given in the literature have conceptual issues which are ambiguities that arise in translating the formation probability into the PBH mass function which is differential quantity. Although the formulations in the previous studies would be practically acceptable when the power spectrum of the perturbations are sharply localized around a particular scale, the ambiguities become more prominent when one considers the broad power spectrum. This issue stems from the lack of the physically understandable and quantitative criterion of the PBH formation which automatically leads to the PBH mass function without bringing up the artificial interpretations adopted in the literature. In this paper, we proposed a new criterion of the PBH formation which is an addition of one extra condition to the existing criterion. By doing this, we formulated the PBH mass function, which is given by Eq. (18), without introducing any ambiguities. Eq. (18) is a formal expression defined as an ensemble average of the integrand weighted by the functional probability density P [θ]. Once P [θ] is given, the PBH mass function can be in principle determined by performing the functional integral defined by Eq. (18) . Practically, analytic evaluation is feasible only for very limited cases such as Gaussian perturbation. In Sec. 3, as a demonstration of our formulation, we computed the PBH mass function analytically for the case where the perturbations are Gaussian and the space is one dimension.
Finally but not least, it would be possible to apply our criterion to formulate other statistical quantities describing PBHs. For instance, spin distribution of PBHs (see [39] [40] [41] ) will be obtained by replacing the δ-function for M −m(R, θ) in Eq. (18) with J −j(R, θ) where j(R, θ) is the angular momentum of the overdense region parameterized by R and θ and by promoting the threshold θ th to spin-dependent function [42] . Two-point correlation functions of PBHs is another important quantity since it describes clustering of PBHs [43] . This may be also obtained by applying the criterion at two different points simultaneously.
